Abstract-A numerical model with broad applications to complex (dusty) plasmas is presented. The self-consistent -body code allows simulation of the coagulation of fractal aggregates, including the charge-dipole interaction of the clusters due to the spatial arrangement of charge on the aggregate. It is shown that not only does a population of oppositely charged particles increase the coagulation rate, the inclusion of the charge-dipole interaction of the aggregates as well as the electric dipole potential of the dust ensemble decreases the gelation time by a factor of up to 20. It is further shown that these interactions can also stimulate the onset of gelation, or "runaway growth," even in a population of particles charged to a monopotential where previously it was believed that like-charged grains would inhibit coagulation. Gelation is observed to occur due to the formation of high-mass aggregates with fractal dimensions greater than two, which act as seeds for runaway growth.
I. INTRODUCTION
T HE coagulation of micrometer-sized particles in a complex (dusty) plasma is a fundamental process that has become an increasingly important area of study in the last 10 years, not only in the context of astrophysical systems [1] , but also in many parts of chemistry, physics, and colloidal systems such as aerosols. At the same time, as feature size continues to decrease, particle coagulation has also become germane to contamination problems in the fabrication of semiconductor wafers through plasma processing [2] .
Interest in coagulation in astrophysical systems has been spurred by recent discoveries of extrasolar planets, renewing attention to the physics of planet formation. The most widely accepted theory of the origin of planets is that they formed through mutual collisions of planetesimals, bodies ranging in size from 1 to 10 km [3] . The planetesimals in turn are thought to have formed from the dominant constituent material of circumstellar disks: gas and dust [4] . With the advent of the Hubble Space Telescope, direct observations of the gas/disk systems around T Tauri stars have dramatically increased interest in the coagulation of dust within astrophysical environments [5] , [6] .
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As the gas in a protoplanetary disk cools, coagulation of dust particles begins as inelastic, adhesive collisions occur. The primary factors that affect the coagulation rate are the relative velocity between grains, collisional cross section, and sticking probability. Several experimental and numerical studies have made it evident that coagulation results in the formation of fluffy fractal aggregates [7] - [9] . Fractal aggregates exhibit stronger gas-grain coupling, suppressing the relative velocities between aggregates [10] , and have greater collisional cross sections due to their open nature. This has been shown to initially increase the coagulation rate [11] , [12] and can lead to "runaway cluster growth," where a single aggregate rapidly accumulates a large fraction of the mass in the system [13] , [14] . Thus, the physical geometry of the dust grains is an important factor in properly modeling dust coagulation.
In the primordial solar nebula, the dust is imbedded in a plasma and can become charged. For low dust densities, the greater thermal speeds of the electrons result in a higher flux of electrons than ions, and consequently the dust grains become negatively charged. For isolated grains in a hydrogen plasma, the equilibrium surface potential is on the order of 2.51 kT/e [15] , where is the temperature of the plasma. The resulting repulsive grain potential necessarily leads to reduced coagulation rates, though it is still possible for coagulation to occur as long as the dust grains have relative velocities large enough to overcome the Coulomb barrier, yet smaller than the critical sticking velocity [16] .
The above can be moderated by temperature fluctuations and differences in the secondary electron yield, which can lead to the formation of dust populations with oppositely charged grains depending on the size of the grains [17] - [21] . This, in turn, can lead to enhanced coagulation rates. Evidence of rapid chargeinduced coagulation has also been observed in a neutral gas environment, where particles or clusters can become charged through collisions [14] .
A variety of works have studied the effects of various parameters on the coagulation of dust particles. Many of these employ statistical techniques to solve the coagulation equation [11] , [14] , [22] . However, the complexity of the problem has shown that it is advantageous to use a self-consistent -body approach to fully model and understand the processes involved [12] , [23] . The coagulation of micrometer-sized particles has also been the subject of several recent experimental studies (e.g., [7] , [24] , and [25] ). Most of these have looked at the coagulation of a monodisperse size population, given that coagulation due to Brownian motion tends to form cluster of similar size [23] .
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In this study, we employ a self-consistent -body code to model the effects of grain charge on coagulation. By modeling a dust population with a given size distribution, the effects of a population with oppositely charged grains can be compared to those with grains that are neutral or charged to a monopotential. The code also allows the three-dimensional geometry of the fractal aggregates to be tracked, enabling the investigation of the effects of the distribution of the charge on fractal aggregates, including the charge dipole moment and its influence on the force calculation.
II. NUMERICAL MODEL

A. Overview
The numerical model employed in this study is based on the box_tree code developed by Richardson [12] , [26] , [27] to model the dynamics of a large number of particles in a protoplanetary disk or ring system interacting through gravitational forces. The box_tree code is a hybrid of two computer algorithms, a box code and a tree code. The box code, first used to study dynamic ring systems [28] , allows distant regions of a system to be represented by copies of the simulated region. The box code, in providing the external potentials acting on the grains, specifies a coordinate system, the linearized equations of motion, and a prescription for handling boundary conditions. The tree code [29] provides a method for a fast calculation of the interparticle forces by means of a multipole expansion. The interparticle forces are then included as a perturbation to the equations of motion. Using this code, a full treatment of rigid body dynamics, including rotation, is possible allowing for both cluster trajectories and the orientation of fractal aggregates to be followed. Additional modifications were made to the code to allow for charges on the grains, electrostatic Debye shielding, external magnetic fields, and the charge dipole interaction of fractal aggregates. Thus, a variety of astrophysical environments can be examined, from free space to rotating disk systems [30] - [33] , as well as strongly coupled complex plasmas such as dust crystals and coulomb clusters [34] - [37] .
B. Multipole Expansion of the Tree
As part of the tree code, the box containing the particles in the system is divided into cells, where is the number of dimensions of the box. Each cell is further divided into cells until each cell contains only a single particle. If a cell is sufficiently far away from the grain of interest, as defined by a critical opening angle [27] , the multipole moments calculated using the particles in that cell are employed to calculate the self-gravitational and electrostatic forces on the grain. Otherwise, the forces due to the grains within a cell are calculated directly without the use of a multipole expansion.
The multipole terms for the tree structure for the self-gravitational and electrostatic forces are expanded about a cell's center of mass. The gravitational dipole moment of the cell is zero due to this choice of origin; however, the electrostatic dipole moment is nonzero for both oppositely charged and like-charged populations. Debye shielding of the grain potentials is incorporated into the code by scaling the electrostatic force, , using a screening factor (1) where is the Debye length of the plasma and is the distance from a grain.
C. Collision Resolution
As mentioned above, the outcome of a collision between grains depends strongly on the energies involved. Two colliding particles may bounce, stick, fragment, crush, melt, or vaporize. The physics of the collision process was developed by Chokshi et al. [16] in which they calculated the critical velocity for sticking, , depending on a grain's physical characteristics. They found that colliding particles must have a relative velocity less than in order for sticking to occur. For particles with radii less than 10 m, Brownian motion is the dominant source of collisions among particles [8] . Brownian motion also dominates the motion of fractal aggregates up to approximately 10 m in size, or a few hundred 1-m particles. Thus, thermal motion leads to a Maxwellian velocity distribution with a mean thermal velocity given by [11] ( 2) where is the kinetic temperature, is the Boltzmann constant, and is the mass of the particle. Calculating the average relative velocity between the grains (3) using temperatures and masses appropriate for nebular clouds or protoplanetary disks, it can be seen that the average relative velocity will always be less than the critical velocity for sticking [11] . Thus, the energies required for restructuring are probably not available during the early stages of dust particle growth.
The box_tree code allows for two primary types of merging events. In a simple merge, two spherical particles collide and form a single spherical particle having a mass . Linear and angular momentum about the center of mass of the colliding particles are conserved. The second option allows the particles to form fractal aggregates in which the colliding particles stick together at the point of contact. Linear and angular momentum are conserved during the collision by calculating the moment of inertia of the resultant particle and then utilizing Euler's equations for rigid body rotation [12] .
D. Rearrangement of Charge on Fractal Aggregates
For spherical particles, the charge (consisting of free electrons and ions) is evenly distributed over the surface with the potential of the charged grain that of a point charge located at the center of the particle. However, on fractal aggregates the charge is allowed to rearrange itself in such a way as to minimize the overall potential on the surface. Therefore, it is unrealistic to treat the aggregate's potential as that of a point charge residing at the aggregate's center of mass. It would be quite difficult, as well as extremely time consuming, to explicitly calculate the exact potential of each fractal aggregate. Thus, some approximation of the distribution of charge on the aggregate is in order.
Due to the mutual repulsion between charges on the grain surface, the majority of the charge on the particle should reside on the aggregate's extremities. Additionally, because of the "open" nature of the fractal, the central particles in the aggregate will also have exposed surface area, and some fraction of the charge could be expected to reside there as well. As a a first approximation for dealing with this problem, box_tree assumes that each monomer in the aggregate has a charge (4) where is the total charge on the aggregate, is the distance of the th monomer from the center of mass of the aggregate, and is given by (5) Thus, particles farther away from the center of mass have a larger charge than do particles near the center of the aggregate.
E. Multipole Expansion of the Aggregates
The overall potential of the aggregate is calculated via a multipole expansion about the center of mass, with this result then used to calculate the force on all other particles. The dipole-dipole interactions between two fractal aggregates are not calculated, rather the charge of the second aggregate is assumed to reside solely at the center of mass. It is also assumed that all of the charge resides at the aggregate's center of mass when calculating the multipole moments of the tree. The orders of the multipole expansion to be used in the force calculations are specified at run time.
III. SIMULATIONS
A. Initial Conditions
As mentioned above, the coagulation of micrometer-sized dust particles begins early in the formation of protostellar clouds and continues through the early stages of protoplanetary disk development. Since the scale of the box size within the numerical model is small when compared against the scale of a protostellar or protoplanetary system, dust grain coagulation can be modeled as taking place in free space in a nonrotating frame. Particles were given an initial uniform random distribution and velocity dispersion with 5000 particles having radii ranging in size from 1 -6 m examined. A particle number density cm was assumed, which is comparable to the dust density at the center edge of a protostellar cloud and about an order of magnitude greater than the density at the outer edge [38] . Since the Debye length in protostellar clouds is much greater than the average interparticle distance, Debye shielding has little effect on the aggregation process and was omitted from this study. For illustrative purposes, the grains' potentials were chosen to correspond to those of Horanyi and Goertz [17] in which temperature fluctuation or transient heating events were assumed to introduce a charge separation in the dust population. Grains with 
different random number seeds were performed and the results then averaged together. As a first approximation and in order to speed up the computation time, only the monopole moments of the tree were used. In the original three models, charge was not distributed over the fractal aggregate, but was assumed to reside at the aggregate's center of mass.
Four additional models were used to study the effects of including the electric dipole moments of the fractal aggregates as well as the tree structure. Models 4 and 5 consisted of oppositely charged grains as in model 1. Only the dipole moment of the aggregates was used in the force calculations of model 4, while model 5 included the dipole moments of the tree structure as well. Models 6 and 7 correspond to model 3 (like-charged grains) with the dipole moments of the aggregate and dipole moments of the aggregates and tree structure included in the force calculations, respectively. Due to the CPU time required for these simulations (ranging from ten days to two months on a DEC Alpha EV67 PS 667), only one run was conducted for each of these models. A summary of the models is given in Table I .
As mentioned in Section II, grains must have relative velocities large enough to overcome the Coulomb barrier in order for coagulation to occur. For 1-m grains charged to a 1 V potential, this minimum relative velocity is 16 cm/s, while for a 6-m grain charged to a 4-V potential this velocity is 2.7 cm/s. Although this is somewhat greater than the thermal velocities expected due to Brownian motion, turbulence in a protoplanetary disk can easily lead to such velocities [39] . As a result, the grains in this model were given initial velocities on the order of 10 cm/s. Laboratory experiments on the aggregation of micrometer-sized solid grains and dust agglomerates have shown that the sticking efficiency is always unity for moderate collision velocities m s and that monomers merge to form fractal aggregates [24] . Therefore, the collisions in the simulation were required to produce fractal aggregates with no restructuring or restitution.
B. Size Distribution of the Population
A defining characteristic of collisional growth is the evolution of the mean aggregate mass of the population over time. The mean aggregate mass can be expected to grow as if the collisional cross section is proportional to the aggregate mass [23] and as , which results when the collision cross section scales as , where is the fractal dimension, described in the Section IV [40] .
The evolution of the mass of the aggregates (normalized to the mean monomer mass ) versus time is plotted for models 1-3 in Fig. 1 . Increased coagulation can be seen in model 1 (oppositely charged grains) as compared to that of model 2 (neutral grains). At s , model 1 had 100% of the mass aggregated with one cluster accounting for an average of 31 14% of the total mass. This is in comparison to model 2, which had 98% of the particles incorporated into an aggregate structure with the largest aggregate accounting for 3.4 0.6% of the total mass, and model 3, which also had 98% of the of the particles incorporated and a mean largest mass of 1.1 0.2% at the same elapsed simulation time. As expected, a population of likecharged grains retards the coagulation process.
The evolution of the differential mass distribution functions is shown for models 1-3 in Fig. 2 . The mass fraction per logarithmic interval,
, is plotted where indicates the th logarithmic bin and is the index of each aggregate populating the bin. The data from the individual runs was binned and averaged for each model. The distributions are given for times s, s, s, s, and s. The evolution of the mass distributions for both models 2 and 3 compare qualitatively with those seen in experimental studies for uncharged grains [24] . In contrast, the mass distribution functions for model 1 rapidly shift to larger masses and develop the high mass tail indicative of the onset of gelation, or "runaway growth." This corresponds to the formation of a few aggregates with large masses that have incorporated most or all of the small-mass aggregates. The mass fraction distributions for models 4-7 are shown in Fig. 3 . As can be seen, the coagulation for oppositely charged grains takes place on a much shorter time scale with the onset of gelation occurring in less than 1 s. When the dipole moment of the fractal aggregates is considered, the gelation time is decreased by a factor of ten [compare Fig. 3(a) to Fig. 2(a) ] The inclusion of the dipole moment of the tree structure further decreases this time by a factor of two [ Fig. 3(b) ]. Including the dipole moment, the fractal aggregate alone has very little effect on the coagulation rate [compare Figs. 2(c) and 3(c) ]. However, for like-charged grains, including the dipole moment of the tree structure as well [ Fig. 3(d) ] stimulates the production of a high-mass tail with subsequent runaway growth, as seen in the populations with oppositely charged grains. The gelation time for like-charged grains is about ten times that for oppositely charged grains.
C. Structure of Aggregates
The growth process is strongly dependent on the fractal dimension of the aggregate structures [40] . The fractal dimension is related to the size and number of constituent particles by (6) where is the number of grains within a volume of radius [41] . Depending on the accretion method, the fractal dimension can range from . Models of ballistic particle-cluster accretion (BPCA) produce dense clusters with [42] , while ballistic cluster-cluster accretion (BCCA) predicts fluffier aggregates with [43] . Laboratory experiments have shown aggregate growth follows BCCA [7] , though microgravity experiments have produced aggregates with very low fractal dimension of 1.3 [9] , [25] . The formation of a large compact aggregate can act as a seed for "runaway growth," a well-known phenomenon in aggregation theory [13] , [44] .
The fractal dimension of the aggregates formed in this simulation is calculated from the slope of a log-log plot of radius measured from the center of mass versus the enclosed particle number [12] . The values of obtained by this method must be considered as estimates and are less reliable for small aggregates, as the aggregates are finite structures and is only strictly defined for objects extending to infinity [45] .
A sample plot of versus , the number of monomers in an aggregate, is shown in Fig. 4 . The data plotted is for all aggregates consisting of three or more monomers and is taken from a single run of model 2 (neutral grains) at time s. The uncertainties in the calculation of are shown by error bars, which are quite large for small aggregates. The values of for large aggregates converge near two, while the mean value of for the population is 1.7 0.7. A comparison of the results for models 1-3 is shown in Fig. 5 . In Fig. 5(a)-(c) , the probability density estimate of the fractal dimension is shown for aggregates with more than ten monomers at time s. The data for the four runs in each of the models was binned according to and then averaged, with error bars denoting the standard deviation of the mean. Model 1, which has undergone substantial coagulation, has a very broad distribution with 40% of aggregates having a fractal dimension greater than two. Models 2 and 3 have narrower distributions which peak at lower fractal dimensions. Only 20% and 14% of the aggregates in models 2 and 3, respectively, have aggregates with . The mean size of the aggregates contributing to the bins is shown in Fig. 6 . The mean maximum and minimum cluster mass contributing to each bin is also indicated. These broad distributions are typical of those seen in both numerical [23] and experimental studies [24] . However, model 1 also shows several large-mass clusters with high fractal dimensions. (Note the difference in scale for the three graphs.) These dense clusters act as seeds for runaway growth.
A comparison of the fractal dimension of the aggregates for models 4-7 is shown in Fig. 7 . It is readily apparent that a sig- nificant fraction of the aggregate population in models 4, 5, and 7 have , while model 6 has a probability density that is centered around a lower fractal dimension [ Fig. 7(a) ]. Furthermore, models 4, 5, and 7 all have high mass clusters with , which act as seeds for runaway growth [ Fig. 7(b) ]. While this is not unduly surprising for populations of oppositely charged grains, which are expected to exhibit enhanced coagulation, is it surprising that even populations of like-charged grains (e.g., model 7) can exhibit this behavior. It is clear that the electric dipole moment of the dust ensemble as well as that for fractal aggregates is responsible for this behavior. This has important implications for coagulation in a protoplanetary disk, as the demonstration that larger bodies can form from the constituent dust is yet an open issue [1] . Rapid coagulation due to runaway growth of charged grains, whether like-charged or oppositely charged, may prove to be a necessary ingredient for this process.
IV. CONCLUSION
A new numerical model with broad applications to complex (dusty) plasma physics has been presented. This self-consistent fractal-aggregate model allows accurate numerical simulations of coagulation, while including the calculation of electrostatic forces between charged grains, the inclusion of screened potentials through Debye shielding, and the rearrangement of charge on fractal aggregates. The model produces a full treatment of rigid body dynamics, including rotation, enabling the examination of both cluster trajectories and the orientation of fractal aggregates. The coordinate system, particle size, particle charge, dust density, Debye length of the plasma, external potentials, and interparticle forces can all be specified by the user. The algorithm is robust, allowing application to a variety of interesting problems such as coagulation within rotating (protoplanetary/protostellar disks) and nonrotating frames (protostellar clouds) and the effects of charge and fractal agglomeration on coagulation.
It has been shown that populations of grains that become oppositely charged due to a dust size distribution have significantly enhanced coagulation rates, when compared to similar populations of like-charged or neutral grains. This is in agreement with previous statistical studies [17] . The mass distribution among fractal dimension, distribution of fractal dimensions, and temporal evolution of mass distribution functions also have been shown to agree with those found in other self-consistent -body codes [23] and experimental studies [24] .
Horányi and Goertz [17] assumed that oppositely charged grains could only occur during large fluctuations in plasma temperatures caused by transient heating events such as lightning, magnetic reconnection, or shocks, and thus enhanced coagulation rates would be intermittent at best. The fact that oppositely charged grains can also occur in relatively cool plasmas as a result of the size distribution of the dust in the plasma implies that enhanced coagulation due to oppositely charged grains may play a large role in the evolution of the protoplanetary disk.
Of even greater significance is the decrease in gelation time due to the charge-dipole interaction of the fractal aggregates as well as the electric dipole moment of the dust ensemble (as modeled by the tree structure). Recently observed in the"PlasmaKristall-Experiment-Nefedov" experiments onboard the International Space Station and modeled analytically [14] , this is the first treatment of the interaction by a self-consistent numerical model. The decrease in gelation time occurs due to the formation of high-density high mass aggregates which act as seeds for runaway growth. This phenomenon is shown to occur even for a population of particles charged to a monopotential, which previously was assumed to retard coagulation rates.
